Simulations of resonant Alfvén waves generated by artificial HF heating of the auroral ionosphere by Pokhotelov, D. et al.
Simulations of resonant Alfve´n waves generated by
artificial HF heating of the auroral ionosphere
D. Pokhotelov, W. Lotko, A. V. Streltsov
To cite this version:
D. Pokhotelov, W. Lotko, A. V. Streltsov. Simulations of resonant Alfve´n waves generated by
artificial HF heating of the auroral ionosphere. Annales Geophysicae, European Geosciences
Union, 2004, 22 (8), pp.2943-2949. <hal-00317592>
HAL Id: hal-00317592
https://hal.archives-ouvertes.fr/hal-00317592
Submitted on 7 Sep 2004
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
Annales Geophysicae (2004) 22: 2943–2949
SRef-ID: 1432-0576/ag/2004-22-2943
© European Geosciences Union 2004
Annales
Geophysicae
Simulations of resonant Alfve´n waves generated by artificial HF
heating of the auroral ionosphere
D. Pokhotelov, W. Lotko, and A. V. Streltsov
Thayer School of Engineering, Dartmouth College, Hanover, NH 03755, USA
Received: 18 August 2003 – Revised: 29 February 2004 – Accepted: 28 May 2004 – Published: 7 September 2004
Abstract. Numerical two-dimensional two-fluid MHD sim-
ulations of dynamic magnetosphere-ionosphere (MI) cou-
pling have been performed to model the effects imposed on
the auroral ionosphere by a powerful HF radio wave trans-
mitter. The simulations demonstrate that modifications of
the ionospheric plasma temperature and recombination due
to artificial heating may trigger the ionospheric feedback in-
stability when the coupled MI system is close to the state
of marginal stability. The linear dispersion analysis of MI
coupling has been performed to find the favorable conditions
for marginal stability of the system. The development of
the ionospheric feedback instability leads to the generation
of shear Alfve´n waves which resonate in the magnetosphere
between the heated ionospheric E-region and the strong gra-
dient in the Alfve´n speed at altitudes of 1–2RE . The appli-
cation of the numerical results for the explanation of obser-
vations performed by low-orbiting satellites above the high-
latitude ionosphere heated with a high power ground-based
HF transmitter is discussed.
Key words. Magnetospheric physics (auroral phenomena;
magnetosphere-ionosphere interactions; MHD waves and in-
stabilities)
1 Introduction
A number of experiments with high frequency (HF) radio
wave transmitters have demonstrated that the artificial heat-
ing of the auroral ionosphere with radio waves can lead to
dramatic changes in the ionospheric parameters. Under fa-
vorable conditions the dynamic variations of the ionospheric
parameters induced by the HF heater may initiate the iono-
spheric feedback instability, the process in which the iono-
sphere plays the role of a driver for magnetospheric ULF
pulsations.
As proposed by Atkinson (1970) and Sato (1978), the
feedback instability arises when a localized perturbation in
ionospheric conductivity become polarized in the presence
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of the convection electric field, thus locally reducing the
ionospheric Joule dissipation. Energy released by this pro-
cess radiates into the magnetosphere in the form of shear
Alfve´n waves. After reflection from the conjugate iono-
sphere or magnetospheric plasma inhomogeneities, the stim-
ulated Alfve´n wave returns to the ionosphere, further modi-
fying the initial conductivity perturbation. The feedback in-
stability can simultaneously generate field-line eigenmodes
standing along the entire magnetic field line between two
conjugate ionospheres and shorter-period resonance Alfve´n
waves trapped between the ionosphere and the Alfve´n speed
peak at the altitudes of 1–2RE (e.g. Pokhotelov et al.,
2002a). The initial ionospheric perturbation can arise natu-
rally due to the auroral electron precipitation or, alternatively,
it can be induced artificially by means of ionospheric heating
(Trakhtengertz et al., 2000).
Effects imposed on the ionosphere by a powerful HF
heater can be summarized as follows. The oscillating elec-
tric field of radio waves increases the electron temperature in
the affected region of the ionosphere. Within the ionospheric
E-layer, between about 80 km and 120 km altitude, enhance-
ment of the electron temperature results in the reduction of
the plasma recombination coefficient that ultimately leads to
the enhancement of plasma density. However, above the al-
titude of 200 km, the plasma transport processes start to be
more significant when comparing the changes in plasma re-
combination. As a consequence, in the ionospheric F-layer,
the enhancement of electron temperature due to HF radio
waves causes a depletion in plasma density (Gurevich, 1978;
Stocker et al., 1997).
Experiments at the EISCAT heating facility in North-
ern Scandinavia have shown that the plasma temperature
and density within the heated region of the ionosphere may
change by 15–25% of its ambient value (Stocker et al., 1992;
1997). Even much larger variation in temperatures of the
ionospheric electrons (200%–300%) and ions (100◦ above
background) were reported by Rietveld et al. (2003). These
changes lead to the modification of ionospheric conductivity
that in turn affects the ionospheric current closure. In a se-
ries of EISCAT experiments (Stubbe et al., 1982; 1985) the
HF heating signal has been modulated in the ULF frequency
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range leading to the generation of ULF magnetic pulsations.
However, the amplitude of the stimulated ULF pulsations,
registered by ground-based magnetometers, turned out to
be almost two orders of magnitude higher than predicted
by the theory. To explain this discrepancy between theory
and observations, Stubbe et al. (1982) suggest that the iono-
spheric feedback instability may be responsible for the ob-
served wave amplification.
In a recent experimental study of artificial heating effects
on the auroral ionosphere, Robinson et al. (2000) used the
EISCAT HF transmitter to heat an ionospheric spot 25 km
in diameter. During the time of this experiment the FAST
satellite flew over the heated ionospheric region in a nearly
meridional traversal at the altitude of 2550 km. The satel-
lite registered disturbances in the perpendicular electric field
with an amplitude of about 5–10 mV/m and with a fre-
quency of the heater modulation (3 Hz) above the heated
spot. These measurements were evidently accompanied by
downward fluxes of electrons with energies of 50–150 eV.
The intensification of discrete aurora stimulated by the ar-
tificial heating of the ionospheric E-layer in the pre-midnight
sector has been observed in a separate EISCAT heating ex-
periment by Blagoveshchenskaya et al. (2001). Authors of
both experiments suggested that the observed electromag-
netic disturbances and the auroral precipitation associated
with them were produced by the feedback instability in-
side the resonance cavity, formed by the ionospheric E-layer
and peak in the Alfve´n velocity. This is the so-called iono-
spheric Alfve´n resonator (IAR) first introduced by Polyakov
and Rapoport (1981) and extensively studied after that (e.g.
Trahtengertz and Feldstein, 1991; Lysak, 1991; Pokhotelov,
2000; Lysak and Song, 2002).
This paper presents results from a numerical study of
how the feedback instability can be initiated inside the IAR
by an artificial heating of the auroral ionosphere when the
magnetosphere-ionosphere (MI) system is close to a state
of marginal stability. The dispersion analysis of the iono-
spheric feedback instability has been performed in order to
find the conditions for marginal stability. The study is based
on a two-dimensional numerical model describing dispersive
shear Alfve´n waves in a strongly inhomogeneous magneto-
spheric plasma. The ionospheric feedback mechanism is in-
cluded in the model via active ionospheric boundary condi-
tions.
2 Model of the active auroral ionosphere
The behavior of the active auroral ionosphere has been mod-
elled using the current and density continuity equations. The
ionospheric current continuity equation can be expressed in
the height-integrated form as
∇⊥ · (6PE⊥) = −j‖. (1)
Here the subscripts ‖ and ⊥ denote vector components in
the directions parallel and perpendicular to the background
magnetic field, respectively; the subscripts “0” and “1” de-
note background (time independent) and perturbed values of
the physical parameters, respectively; E⊥=E⊥0+E⊥1 is the
convection electric field at the ionosphere; 6P is the height-
integrated ionospheric Pedersen conductivity; and j‖ is the
magnitude of field-aligned current density. The ionospheric
Pedersen conductivity is given by 6P=ehMp(n0+n1),
where e is the electron charge; h=20 km is the effective thick-
ness of the ionospheric conducting layer; n0 and n1 are back-
ground and perturbed parts of the plasma density, respec-
tively; and MP denotes the ion Pedersen mobility.
The plasma density continuity equation for the auroral
ionosphere is given by
∂n1
∂t
= j‖
eh
+ S − αn2 , (2)
where n=n0+n1 is the plasma number density; S=αn20 is
an ionization source due to the solar radiation and a steady
precipitation of hot plasma particles from the magnetosphere
that maintains an equilibrium density n0; and α is the plasma
recombination coefficient.
3 MHD model of the magnetosphere
MHD equations describing the propagation of shear Alfve´n
waves in the warm inhomogeneous magnetospheric plasma
includes (e.g. Streltsov and Lotko, 1998) the electron parallel
momentum equation
men0
(
∂v‖e
∂t
+ νev‖e
)
+ en0E‖ + bˆ · ∇pe = 0 (3)
the plasma density continuity equation
∂n1
∂t
+ ∇ · n0v‖ebˆ = 0 (4)
and the current continuity equation(
1 − ρ2i ∇2⊥
)
∇· j‖bˆ +
1
µo
∇·
(
1
v2A
+ 1 − ρ
2
i ∇2⊥
c2
)
∂E⊥
∂t
= 0. (5)
Here v‖e and pe are the electron parallel speed and pressure;
me is the electron mass; bˆ is a unit vector in the direction
of the ambient magnetic field; vA is the Alfve´n speed; ρi is
the ion Larmour radius; c is the speed of light and µ0 is the
permeability of free space.
Enhanced collisions of electrons with ions and neutrals in-
side the ionosphere lead to the appearance of a parallel col-
lisional resistivity, described by the collision frequency νe in
the electron parallel momentum equation. The parallel resis-
tivity of the upper ionosphere slows the field-aligned electron
motion which leads to the suppression of small-scale field-
aligned currents and the generation of parallel electric fields
at low altitudes (Forget et al., 1991; Borovsky, 1993). In sim-
ulations collisional resistivity imposes a physical limit on the
smallest transverse wavelength of the numerical solutions.
D. Pokhotelov et al.: HF heating of the ionosphere 2945
4 Dispersion analysis of the feedback instability
In order to determine the conditions for marginal stability
of the coupled magnetosphere-ionosphere system, a disper-
sion analysis of the ionospheric feedback instability has been
performed considering the magnetosphere as a simplified,
lumped transmission line. Neglecting the curvature of mag-
netic field lines and assuming the Alfve´n speed to be con-
stant along the field lines, the equation of magnetospheric
response to ionospheric electric field perturbation E⊥1 can
be expressed in a form given by Miura and Sato (1980):
2µ0l
pi2
∂j‖
∂t
+
((
l
pivAl
)2
∂2
∂t2
+ 1
)
∇⊥ ·E⊥1 = 0, (6)
where l is the length of magnetic field line and vAl is the
mean value of Alfve´n speed.
Equation (6), combined with linearized equations for the
ionospheric current continuity Eq. (1) and density continu-
ity Eq. (2) leads to the dispersion relation expressed by the
third-order complex polynomial given in the Appendix. The
numerical solution of this dispersion equation (Eq. (A1)) is
presented in Fig. 1, where the color intensity shows the am-
plitude of the feedback instability growth rate for different
values of ionospheric parameters. Parameters describing the
magnetosphere in Eq. (6) have been chosen as l=2RE and
vAl=5000 km/s which sustain a typical eigenperiods of IAR
defined by Polyakov and Rapoport (1981) and Lysak (1991).
The top panel in Fig. 1 corresponds to the case when E⊥0
and α have been taken to be constant while k⊥ and 6P0 vary.
Values of the recombination coefficient and background elec-
tric field have been taken as α=3·10−7 cm3/s (Nygre´n et al.,
1992) and E⊥0=50 mV/m (Kelley, 1989), and the range of
background Pedersen conductivity variations has been cho-
sen according to Hardy et al. (1987). The central panel in
Fig. 1 corresponds to the case when the wave number and
recombination coefficient have been fixed as k⊥=2.5 km−1
and α=3·10−7 cm3/s, respectively, while the transverse wave
number and Pedersen conductance vary. The bottom panel
in Fig. 1 represents the case when k⊥ and E⊥0 are fixed. A
black line shows where the instability growth rate, 0, is equal
to zero.
The dispersion analysis demonstrates that the growth rate
of the feedback instability accelerates under conditions of
low ionospheric conductance and strong electric convection.
Increasing the plasma recombination coefficient α reduces
the growth rate of the instability. Results of the linear dis-
persion analysis have been used to determine the ionospheric
parameters corresponding to the state of marginal stability
of the MI system. These parameters have been used for a
numerical modeling of artificial heating of the auroral iono-
sphere described in the next section. It is noted that the dis-
persion analysis can only provide approximate criteria for
marginal stability, since the dispersion relation Eq. (A1) is
derived using the oversimplified lumped transmission line
model of the magnetosphere Eq. (6), which does not take into
account the effects of parallel inhomogeneities of the mag-
netosphere and ionospheric collisional resistivity. A more
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Fig. 1. (Top) Time variations of the ionospheric plasma recombina-
tion coefficient, α, (solid line) and the electron collision frequency,
νe, (dashed line). (Bottom) Time variations of the field-aligned cur-
rent density, j‖ measured at the ionosphere atL=6.2 when the heater
is turned off all the time (thick line) and when the heater is turned
on after t=40 s (thin line).
accurate stability analysis requires numerical simulations as
described below.
5 Numerical heating experiment
A numerical model of the active auroral ionosphere, com-
bined with a two-fluid MHD model of the magnetospheric
dispersive Alfve´n dynamics has been used to simulate the
effects imposed on the ionosphere by a HF heater. The
coupled system of ionospheric Eqs. (1)–(2) and two-fluid
magnetospheric MHD Eqs. (3)–(5) has been solved numer-
ically in two-dimensional dipolar coordinates (L,µ) (e.g.
Streltsov and Lotko, 1997), representing the magnetospheric
flux tube between magnetic shells L1=6 and L2=6.4 with the
HF heater centered at L=6.2. A finite difference method has
been applied to solve numerically the system of differential
Eqs. (1)–(5). Detailed description of the numerical technics
can be found in Streltsov and Lotko (1997) and Pokhotelov
et al. (2002a, b).
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Fig. 2. (Top) Time variations of the ionospheric plasma recombina-
tion coefficient, α, (solid line) and the electron collision frequency,
νe, (dashed line). (Bottom) Time variations of the field-aligned cur-
rent density, j‖ measured at the ionosphere atL=6.2 when the heater
is turned off all the time (thick line) and when the heater is turned
on after t=40 s (thin line).
Utilizing the preceding dispersion analysis, it has been
estimated that the magnetosphere-ionosphere system should
be close to a state of a marginal stability (slightly be-
low the instability threshold) when the background iono-
spheric parameters are chosen as follows: E⊥0=50 mV/m;
α=3·10−7 cm3/s; and 6P 0=3 mho. These values have been
used as background ionospheric parameters in the numeri-
cal simulations. At the poleward and equatorward sides of
the domain Dirichlet-type boundary conditions for the back-
ground electrostatic potential have been imposed in such
a way that they provide a background poleward-directed
electric field, homogenous in latitudinal direction, with the
magnitude of E⊥0=50 mV/m at the altitudes of ionospheric
E-layer. Similar to Pokhotelov et al. (2002a, b), the nu-
merical model includes strong parallel inhomogeneities in
the Alfve´n speed profile with the values of Alfve´n speed
reaching 50 000 km/s at the altitude of 1.5 RE comparing to
1200 km/s near the ionosphere. The magnitude of the Alfve´n
speed at low altitudes can be much lower if heavy ions (NO+
and O+2 ) will be taken into the consideration. In the present
model the plasma is assumed to be pure hydrogen.
Spatial and temporal variations of the plasma recombina-
tion coefficient α, due to the electron temperature enhance-
ment in the E-layer, have been modeled as
α = α0
(
1 − 0.05
(
1 + cos
(
2pi L
L2−L1 − pi
))
·
(
1 + tanh
(
8pi t
t0
− 2pi
)))
, (7)
where α0=3·10−7 cm3s is the background plasma recombi-
nation coefficient (Nygre´n et al., 1992); and t0=220 s is the
time length of simulation run. As has been demonstrated by
linear dispersion analysis the reduction of plasma recombi-
nation coefficient increases the growth rate of feedback in-
stability. Time variations of the recombination coefficient at
the center of computational domain L=6.2 are shown with a
solid line in the top panel in Fig. 2.
Since the heating mechanism also affects plasma density
in the ionospheric F-layer, the accompanying reduction in
the ionospheric electron collision frequency νe has also been
included in the model. The reduction in νe reduces the iono-
spheric collisional resistivity, thus stimulating the growth of
the feedback instability. Spatial and temporal changes in the
ionospheric collision frequency, due to the HF heating, have
been modeled as
νe = νe0 e−12r
(
1 − 0.05
(
1 + cos
(
2pi L
L2−L1 − pi
))
·
(
1 + tanh
(
8pi t
t0
− 2pi
)))
, (8)
where νe0=103 s−1 is the background value of the iono-
spheric electron-neutral collision frequency (Kelley, 1989)
and r is the distance along the ambient magnetic field from
the E-layer measured in the Earth’s radii. The dashed line
in the top panel in Fig. 2 shows time variations of νe at the
center of computational domain due to the heating.
The computations with these background ionospheric pa-
rameters have been performed, assuming that the initial iono-
spheric density perturbation is given by a Gaussian function
n1 = 0.05 n0
(
exp
(
− (L−Lc+δL/2)2
(δL)2
)
− exp
(
− (L−Lc−δL/2)2
(δL)2
))
, (9)
where Lc=6.2 and δL=0.2. Zero Dirichlet-type boundary
conditions for perturbed quantities n1, A‖ and φ1 were im-
posed along the lateral boundaries of the computational do-
main.
When the heater is turned off all the time, i.e. α=α0 and
νe=νe0 e−12r , the system appears to be stable. The thick line
in the bottom panel in Fig. 3 shows the amplitude of the field-
aligned current density at the ionosphere at L=6.2 as a func-
tion of time computed when the heater is off. In another
computational run the heater is turned on after the time mo-
ment t=40 s, making the system feedback-unstable. In this
case the amplitude of the field-aligned current density starts
to grow, as shown with a thin line in the bottom panel in
Fig. 2.
Figure 3 shows the amplitude of the transverse electric
E⊥1 and magnetic B⊥1 fields within half of the computa-
tional domain: between the ionosphere and the magnetic
equator. Another half of the computational domain is not
shown in the figure since this part of the ionosphere has not
been heated and remains stable.
Oscillations of the field-aligned current density with a pe-
riod of about 6.0–6.5 s, as seen in Fig. 2, are associated with
a bouncing of Alfve´n waves inside the IAR. Recent simula-
tions by Streltsov and Lotko (2003) show that the frequency
of oscillations measured by low-orbiting satellites can be sig-
nificantly modified by the Doppler shift due to the spacecraft
motion and relatively high (of the order of a few km/s) per-
pendicular phase velocity of the small-scale waves. Figure 4
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Fig. 3. Snapshot of the transverse electric field, E1⊥, and the trans-
verse magnetic field, B1⊥, inside the half of the computational do-
main at the time t=200 s.
shows the transverse electric and magnetic field, and field-
aligned current density observed by a virtual satellite orbit-
ing with a speed of 5 km/s above the heated region of the
ionosphere. The virtual satellite was flying across the com-
putational domain at 2500 km orbit (near the FAST altitude)
in the poleward direction. The satellite’s trajectory is shown
with a dashed line in Fig. 3. The satellite “recorded” oscilla-
tions with a period about 0.4 s and an amplitude of the per-
pendicular electric field about 3–8 mV/m. These values are
close to the parameters of the structures registered by FAST
in the EISCAT experiment. Despite this agreement we would
avoid to claiming that these particular simulations represent
this particular FAST event. First of all, in the experimental
event the HF field radiated by the EISCAT high power facil-
ity was modulated with a frequency 3 Hz, which is close to
the eigenfrequency of the IAR modeled in this paper.
A recent theoretical study by Kolesnikova et al. (2002)
demonstrates that the downward fluxes of the accelerated
electrons registered by the FAST satellite above the EISCAT
heater may be attributed to the parallel electric field in the
inertial Alfve´n waves directly induced by the heater (Goertz
and Boswell, 1979). Estimations given in that paper sug-
gest that Alfve´n waves with a transverse wavelength of about
20 km (i.e. the size of the heated region) would encounter
strong inertial dispersion if the background plasma density
is about 1 cm−3 at FAST altitude. For more typical values
of the density at 2500 km altitude, about 5·102 cm−3 (Kletz-
ing et al., 1998), the transverse wavelength of Alfve´n waves
should be about 1.5–2 km to sustain parallel electric field no-
ticeably accelerating electrons (Chaston et al., 2002). Our
study demonstrates that these waves can be generated by the
ionospheric feedback instability inside the heated region.
Another effect which can further amplify the magnitude
of small-scale waves generated inside IAR is the presence
of a large-scale density cavity in the direction perpendicular
to the ambient magnetic field. The cavity can prevent the
resonant wave from leaving the heated region due to their
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Fig. 4. Solid lines show magnitudes of E1⊥, B1⊥, and j‖ observed
by the virtual satellite flying poleward across the computational do-
main at the altitude 2500 km. Dashed lines show spatial variations
of α and νe induced by the HF heater in percents of their back-
ground value.
high perpendicular phase speed. This trapping mechanism
was first discussed by Gul’elmi and Polyakov (1983), and
observations from low-orbiting satellites frequently demon-
strate intensive, small-scale electromagnetic disturbances in-
side the density cavities above the auroral and subauroral
ionosphere (e.g. Mishin and Fo¨rster, 1995; Mishin et al.,
2003).
6 Summary and conclusions
Numerical simulations of the effects imposed by powerful
HF radio waves have demonstrated that artificial heating may
trigger the ionospheric feedback instability when the coupled
MI system is close to a state of marginal stability. The effects
of artificial heating have been implemented in the numerical
model by introducing spatial and temporal variations in the
plasma recombination coefficient in the ionospheric E-layer
and similar variations in the electron collision frequency in
the F-layer. Necessary conditions of marginal stability for
the ionospheric feedback have been found using linear dis-
persion analysis based on the simplified lumped transmission
line model of the magnetosphere and upper ionosphere.
Simulation results demonstrate that 20% variations of the
recombination coefficient and electron collision frequency,
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achievable in the ionospheric heating experiments, are suffi-
cient to trigger the ionospheric feedback instability. Devel-
opment of the instability inside the ionospheric Alfve´n res-
onator leads to the generation of resonant Alfve´n waves with
the same order of magnitude, though slightly greater than
that registered by the FAST satellite during the heating ex-
periment reported by Robinson et al. (2000).
An important limitation of the presented simulation results
is the 2-D nature of the numerical model used. In a heating
experiment the longitudinal direction of the ionospheric re-
gion affected by the HF heater is comparable to its latitudinal
size and thus the induced conductivity gradients in longitudes
and latitudes can be comparable. As a consequence, the Hall
current is expected to influence the ionospheric current clo-
sure (Ellis and Southwood, 1983; Yoshikawa and Itonaga,
1996). In particular, one can expect that in the 3-D case iono-
spheric feedback will generate not only shear Alfve´n waves
but also compressional waves. That effect can reduce the
net power flowing into the feedback-induced Alfve´n waves
studied in the current 2-D simulations. At the same time we
must say that the mode conversion due to the Hall current is
a complicated phenomena, depending on a large number of
parameters of the waves and the ionosphere and it should be
carefully studied with a comprehensive 3-D model. For ex-
ample, a recent study of the IAR by Pokhotelov et al. (2000)
suggests that Hall effects may not be important under some
conditions.
Appendix A
Dispersion relation for the feedback instability
A dispersion relation is derived using Eq. (6) that describes
lumped transmission line model of the magnetosphere, com-
bined with the linearized ionospheric current Eq. (1) and den-
sity Eq. (2) continuity equations. The dispersion relation is
expressed by a third-order algebraic equation
A3ω
3 + A2ω2 + A1ω + A0 = 0, (A1)
with the coefficients
A0 = k⊥MPE⊥0pi
2v2Al
6P0
+ i 2αn0pi
2v2Al
6P 0
A1 = −4αµ0ln0v2Al −
pi2v2Al
6P0
A2 = −k⊥MPE⊥0l
2
6P0
− i
(
2µ0lv2Al +
2αn0l2
6P0
)
A3 = l
2
6P0
.
Here k⊥ is the transverse wave number; ω=−i0 is the
complex frequency, where  and 0 denotes the real part of
frequency and the growth rate, respectively.
Complex roots of the third-order polynomial Eq. (A1)
have been found numerically using Laguerre’s method (Press
et al., 1992). The numerical solution demonstrates that the
only one complex root of dispersion relation Eq. (A1) be-
comes unstable under certain conditions while two other
roots are always stable.
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